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Rate Distortion Theory

Introduction

Rate distortion theory is a branch of information theory dealing with lossy data
compression. As the name suggests, rate distortion theory is concerned with
the relationship between rate, that is the number of bits per date sample, and
distortion, that is the measure of the difference between input and output.

Rate distortion theory focuses on the trade-off between rate and distortion
and offers an answer to the following questions [1]:

e Given a constraint on the maximum rate, which is the achievable minimum
distortion? (High fidelity)

e Given a constraint on the maximum distortion, which is the the achievable
minimum rate? (High compression)

Lossy data compression is the way in which part of the entropy of an input is
sacrificed in order to reduce the rate [9]; in other words, a sequence of symbols
(from an input alphabet) is transformed into another sequenence of symbols
(from an output alphabet) containing less information. There are two main
scenarios in which we could be interested in using lossy data compression:

e Given a digital input, we could be interested in reducing the rate of the in-
put in order to minimize the space required to store it or the time required
to transmit it;

e Given an analog input, we need to discard information and make it discrete
in order to store it on a digital support or transmit it over a digital medium;
by definition, an analog signal can assume values from a set having an
infinite cardinality; but a digital representation of it can use only a finite
amount of bit. Therefore it is necessary to encode each sampled value
of the analog signal with a digital approximation. This process is called
quantization.



Information Source and Alphabets

In the following analysis, we will always deal with stationary memoryless discrete
sources generating random variables X with a probability distribution p(z). We
will assume that an input x can assume a value out of the i values of the input
alphabet I ={z1, 23, ...,z;} and that an output & will be reproduced using one
of the o values of the output alphabet O = {Z1, &5, ..., &, }. More in general, we
will consider stationary memoryless sources of sequences of random variables
X™ which will generate input sequences z™ from the input alphabet 1" and
which will be mapped to output sequences " from the output alphabet O™ [3].

Distortion Functions

There are many ways to quantizate an analog signal or to compress a digital
signal, that is to map an input symbol x to an output symbol Z. In order
to evaluate the goodness of this mapping it is useful to introduce a distortion
function which measures the distance between the input and the output or
computes the cost of representing the input x with the ouput z.

Given an input alphabet I and an output alphabet O, a distortion function
is a function d : T x @ — RT, which assigns a non-negative value to every pair
of input-output.

There are different functions that can be used as a distortion function. The
most common are:

0 ife=2
1 ifx#z
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e Hamming distance: d(z, &) = {

e Squared error distortion: d(x,3) = (x — &)

A distortion measure is said to be bounded if its maximum value over all the
input-output pairs is finite, that is Va € I, Vi € O : d(z, %) < oo.

It can also be useful to extend this symbol-based definition of the distortion
function to a distortion function evaluating the overall distortion of a sequence of
symbols; we can define a function d : I" x Q™ — R* which assing a non-negative
value to every pair of sequences of input-output.

The overall distortion of a pair of sequences of input-output can be computed
in different ways. The most common are:

o Average distortion: d(z™,&") = L 3" d(w;,3;)
o Mazimal distortion: d(z™, &™) = mazi<i<nd(x;, T;)

In the following analysis we will use the squared error distortion as a distortion
function and the average distortion as a distortion functions for sequences of
symbols.

Rate Distortion Code

We introduce now some definitions which we will use to describe our problem
(2, 4, 1].
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Figure 1: Rate distortion scenario

Definition Given a source producing symbols from an input alphabet I
and R bits to reproduce the input, a (2", n)-rate distortion code is the following
pair of functions:

e encoding function f, : 1" — {1,2,...,2"%} converting the input to its
digital representation;

e decoding function g, : {1,2,...,2"%} — Q" reconverting the digital repre-

senation to the output.

Definition An assignment region is the region defined by f, (1), f,1(2),
<y fr1(27F); this means that f,; (k) is the region associated with the index k.

Definition A codebook is the set of elements g, (1), gn(2), ..., gn(2"F) de-
noted by X™(1),X"(2),..., X"(2"f); this means that any X" in region k is

represented as X" (k).

Definition A distortion associated with a (2"F, n)-rate distortion code is
the expected value of the distortion over the probability distribution of the input
X:

D = B[d(X", gn(fua(X")] = > p(@")d(@", gn(fn ("))

Rate Distortion Function

We define now explicitly the relationship between rate and distortion [2, 4, 1].

Definition A rate distortion pair (R, D) is the pair given by a rate R,
expressed in bit, and a distortion D, expressed as the expected value of the
distortion over the probability distribution of the input.

Given a rate distortion pair we define:

Definition An achievable rate distortion pair is, if it exists, a sequence of
(2n2 n)-rate distortion codes ( f,,, gn) such that lim, oo E[d(X™, gn(fn(X™)))] <
D

An achievable rate distortion pair allows us to define:



Definition A rate distortion region C for a source is the closure of set of
achievable rate distortion pairs (R, D).

A rate distortion region C' is the region of all the feasible rates R given a
fixed distortion D or the region of all the feasible distortions D given a fixed
rate R.

Using the rate distortion region we can define:

Definition A rate distortion function R(D) is a function giving, for any
distortion D, the infimum of all the rates R such that the rate distortion pair
(R, D) is in the rate distortion region C":

R(D)= inf R
(R,D)eC
The rate distortion function allows us to express the rate as a function of the
distortion.

Definition A distortion rate function D(R) is a function giving, for any
rate R, the infimum of all the distortions D such that the rate distortion pair
(R, D) is in the rate distortion region C;

D(R)= inf D
(R,D)eC

The distortion rate function allows us to express the distortion as a function of
the rate.

It is easy to see that the rate distortion function R(D) and the distortion
rate function D(R) are equivalent, as both of them describe the boundary of
the rate distortion region C' [4].

Information Rate Distortion Function

We define now the rate distortion function as a function of the source.

Definition Given a source X and a distortion function d(x, ), the infor-
mation rate distortion function R!(D) is the minimization over all conditional
distributions p(& | z) such that the joint distribution p(z)p(& | =) satisfies the
expected distortion constraint:

RI(D) = min I(X; X)
p(2]2):3 ;5 P(@)p(2]z)d(x,2) <D
The information rate distortion function is then expressed as the minimum
of the mutual information between the original random variable X and its rate
distortion encoded and decoded representation X.



R'(D) is a monotonous decreasing function whose range is 0 < R(D) <
H(X). This can be easily proved showing that mutual information I(X; X) is
equal to the difference H(X) — H(X | X) and that:

< H(X) <logn
< H(X|X)<HX)

It is also easy to see that the minimal distortion D = 0 is achieved when
R1(0) = H(X), that is when all the entropy or information in the input X
is reproduced in the output X ; on the other hand, the maximal distortion
D = D4, is achieved when R!(D,,q,) = 0, that is when the output X has no
information from the source X [9].

The computation of R(D) is a hard problem to solve analytically, since it
involves the minimization of a non-linear function over an unknown but con-
strained set of probabilities, but it can still be solved numerically [8].

Rate Distortion Theorem

We now state and prove a theorem showing the relationship between the rate
distortion function and the information distortion function [2].

Theorem (Rate Distortion Theorem) Given a source of independent
and identically distributed random variables X with probability distribution
p(z) and given a bounded distortion function d(z, &), the rate distortion function
is equal to the associated information rate distortion function:

R(D) = RY(D)

And by the definition of the information rate distortion function we can now
state that the minimum achievable rate at distortion D is:

min I(X; X)
p(&l2) : X (4 4y P(2)P(2|2)d(2,2) <D

Proof (Rate Distortion Theorem) To prove the rate distortion theorem
we will prove two different results:

(a) First we will prove the converse of the rate distortion theorem, that is we
will prove that given a distribution D, the rate R of any achievable code
is lower bounded by the information rate distortion function R(D), that
is Inil’lp(i,‘z):z(m%) p(z)p(2|x)d(z,&)<D I(X; X), in other words, we will prove

that if R < R(D) then the rate distortion pair (R, D) is not achievable

[2];
(b) Then we will prove that the minimum achievable rate R given by the rate



is indeed achievable; in other words, we will prove that for any R > R(D)
the rate distortion pair (R, D) is achievable [2].

Having proved that the R can be be greater but not smaller than R(D) implies
that we have the minimal rate at R = R(D).

Before starting with the first part of the proof, it will be useful to state the
following lemma.

Lemma (Convexity of R(D)) The rate distortion R(D) is a non-increasing
convex function of D [2, 6].

Proof (Convexity of R(D)) Recall that R(D) is convex if, for any two
points Dy and Dy and for any A € [0,1] then:

R(AD1 + (1 = A)D2) < AR(D1) + (1 — A)R(D2)

For example, we already know that given a pair of random variables (X,Y) ~
p(z,y) = p(x)p(y | ), then the mutual information I(X;Y) is a convex function
of p(y | x) for fixed p(x):

Ly (X5Y) <AL, (X5Y) + (1= A, (X5 Y)

So, let’s consider two values of the rate distortion function (R;,D;) and
(Ra, D3) with joint distributions p; (z, &) = p(x)p1(& | ) and p2(x, ) = p(x)p2 (& |
x). We can consider the distribution:

p)\(il,',(i) = )‘pl(xa‘%) + (1 - )\)p2($7i')

and, consequently, being the distortion a linear function of the distribution:

D(px) = AD(p1) + (1 — X\)D(p2)

Now, using the definition of rate distortion function:
R(D(px)) < Lpy (X; X)
by the convexity of the mutual information:
R(D(px)) < My, (X5 X) + (1= N, (X; X)
and substituting, we obtain:

R(D(px)) < AR(D(p1)) + (1 = A)R(D(p2))

which proves the convexity of the rate distortion function. Hl



Proof (Converse of Information Rate Distortion Theorem) Back
to the information rate distortion theorem, we want to show that for any rate
R > R(D).

Let’s consider a rate distortion code (2", n) with encoding function f,, and
decoding function g,,.

Knowing that the codomain of the encoding function f, contains at most
2"R elements, we can state that:

nR> H(X")

We also know that X" = g,(f,(X™)) is a function of X", and therefore
the conditional entropy H(X™ | X™) = H(g,(fo(X™)) | X™) = 0, as once we
know the information contained in X" we know also all the information in a
deterministic function of X™. So we can write:

nR> H(X") - H(X" | X™)

But H(X™) — H(X™ | X™) is the definition of the mutual information
I(X™; X"

nR>I(X"; X"

Using now the other definition of the mutual information:

nR>H(X") — H(X"| X™)
By the independence of the independent identically distributed Xj:

nR > i H(X;)— H(X™ | X™)
i=1

Remember now that the chain rule for entropy proves that H(X1, Xo, ..., X,,) =
oy H(Xi | Xio1, Xiza, ..., X1); then:

n n
TLR Z Z H(Xl) — Z H(XZ ‘ Xn, Xi—l, Xi_27 aeey Xl)
i=1 i=1
By the principle that conditioning reduces entropy, that is H(X) > H(X |
Y):
nR > ZH(X’L) - ZH(Xz | X3)

i=1 i=1

Again, this is the definition of mutual information:

n
nR > " I(X; X;)
i=1



and using the definition of rate distortion function, that is the infimum of
the rates R such that (R, D) is in the rate distortion region for a given D:

nR > ) R(BE[AX: X))
nR > niﬁR(E[d(Xi;Xi)])

Now, knowing that R(D) is a convex function, as we proved in the previous
lemma, and knowing, by Jensen’s inequality, that given a random variable X
and a convex function f then f(E[X]) < E[f(X)], we can write:

nR>nR (Tll iE[d(XiQ Xz)])

and using the definition of average distortion d(z",&") = 23" | d(=;,2;),
we have:

nR > nR (E[d(Xlanzn)])

But E[d(X?; X™)] is the definition of the distortion associated with the rate
distortion code and so:
nR > nR(D)
We proved that given a distribution D, the rate R of any achievable code

must be greater than the information rate distortion function. W

Now, before proving the achievability of the information rate distortion func-
tion, we will introduce new definitions and lemmas which will be useful in the
next proof [2].

Definition Given an input symbols z and an output symbols & with joint

probability distribution p(z, #) and given a distortion measure d(x, %), a distor-
tion typical set Affe) for € > 0 is the set of all the pairs (z", ™) such that:

1
‘—nlogp(x”)—H(X) < €
1 N

‘nlogp(:c”)H(X) < €

1 N
‘—nlogp(a:",j:”) —HX,X)| < €




Lemma (Limit of the Distortion Typical Set) Given an indepen-
dent and identically distributed pair (X;, X;) with distribution p(x,%), then
Pr(Agfe)) — 1asn — oo.

Proof (Limit of the Distortion Typical Set) By the law of large num-
bers the set Al(ine) has probability tending to 1 as n tends to infinity, since all
the sums in the definition of A((ine) are normalized sums of independent identi-
cally distributed random variables tending to their expected value as n tends to
infinity. W

Lemma (Bound on p(32")) For all (z",2") € Ag;), p(z") > p(z™ |
xn)27n(I(X;}A()+36)

Proof (Bound on p(&™)) By definition of conditional probability:
")

p(z™, &") &
p(x™)p(an)

p(z")
and using the property of typical sets:

) p(z"

p(@" [ 2") = =p(@

n 2*”(H(X»X)*5)

9—n(H(X)+e)9—n(H(X)+e)

we get:

p(in)Qn(I(X,X)-ﬁﬁe)

=
>
3
8
~
A\

p(E" | x)2—n(I(X,X)+3£) m

=
=
\5
vV

Lemma (Bound on (1 —zy)") For0<z,y<1,n>0
l—zy)"<l—az+e¥"
Proof (Bound on (1 —zy)") Consider the function:

flyy=eV=1+y

and its derivative:

d _
dfyf(y):*‘5 Y41

since f(0) = 0 and %f(y) > 0 for y > 0 we have that f(y) > 0 for y > 0.
So for 0 < y < 1 we have:



eV—-1+y > 0
e’ > 1-y
e™ = (1-y)"

The bound (1 —zy)™ < 1—xz+ e ¥" then holds for sure for z = 1 and « = 0.
Now if we consider g,(z) = (1 — xy)™ and differentiate it with respect to x,
we can see that g,(z) is a convex function. And for 0 <z < 1:

gy(z) = (1 —zy)" = (1 = 2)gy(0) + gy (1) = (1 =)L + z(1 — y)"

Bounding with the approximation formula 1 —x < e™%:

l-z)l+z2z0—-y)"<l—z4ze? <l—z+e ¥ N

Proof (Achievability of Information Rate Distortion Function) We
can now prove the achievability of the information rate distortion function.

Let p(Z | ) be chosen so that R(D) = I(X;X) and compute p(z) =
> . p(@)p(Z | ). We will prove that for any 6 > 0 there is a rate distortion code
with rate R and distortion less or equal to D + 6.

Let the rate distortion codebook C be the set of 2"* codewords w in-
dexed by {1,2,...,2"} and given by sequences X" drawn from the distribution
H?zl p(24). .

Let the encoding function f, encode X™ with the least w such that (X", X™(w)) €
A&Z); otherwise let f,, encode X™ to 1. In this way, nR bits will be enough to
encode the index w of a jointly typical word.

Let the distortion be computed as the expected distortion over all the ran-

dom choices of a codebook C and over X™, D = Exn c[d(X™, X™)].

Now, given a codebook C and a € > 0, we have that a sequence ™ which is
encoded by a codeword X™(w) and whose distortion is d(z", 2" (w)) < D + e,
contributes to D at most by D + ¢, since the total probability of these sequences
is at most 1; on the other hand if =" is a sequence which is not encoded by
a codeword X™ (w), then its contribution to D will be at most P.d,,4., where
P. is the probability of these sequences and d,,q, is the maximal distortion.
Therefore the total distortion is:

E[d(X", X™)] < D+ €+ Podpmas
To prove that the total distortion is bounded by D + ¢ we have to choose an

appropriate € and show that P, is small.

Let J(C) be the set of source sequences such that at least one codeword in the
codebook C is distortion typical with ™. Then the probability of all sequences
not well represented by a code, averaged over the randomly chosen code is:

10



P=YPC) Y "
C

xn:xn g J(C)
which is also the probability of choosing a codebook C which does not well
represent sequence x™, averaged over p(z™):

P=S s S P
" C:zngJ(C)

Let K(2™,2™) be an indicator variable assuming value 1 if (z",2") € AE&),

0 otherwise. Given a randomly chosen codeword X" we can compute the prob-
ability that it does not well represent a fixed 2™ as:

Pr((z", X") ¢ AJ)) = Pr(K (2", X") = 0) = 1721) i)

From this we can compute the probability that 2" randomly independently
chosen codewords do non represent =", averaged over p(x™):

2nR
P.=) p@") Y. P Zp 1*21} ")
™ C:xngJ(C)
Now we use the lemma bounding p(£™):
Zp(jn)K(xn, i,n) > Zp(jn | xn)an(I(X;)A()JrSe)K(xn, in)
and then:
2nR

P, <Zp [l_zp n‘x XX)+3E)K($n7£n)]

Using now the lemma bounding (1 — zy)™:

2nR
[1 _ Zp(i,n | xn)2—n(I(X;)?)+3e)K(xn7i,n)‘| <

7(2—n,(I(X;X)+3€)2nR)

<1-) p(E" | 2" K (", 2") +e

and then:

2—n(R—I(X;f()—3e)

P<1*ZP n|x nAn)+e,

11



Now, since we chose p(& | ) to be the conditional distribution achieving
the minimum of the rate distortion function, then R > R(D) implies R >
I(X; X) 4 3e. The last term goes to zero exponentially fast with n; for the first
two terms, using the lemma on the limit of the distortion typical set we have:

1-3"% p(a™, &™) K (2", &) = Pr((X™, X™) ¢ AJ))
" gn

which, for n sufficiently large, can be made smaller than e.

In conclusion, for every choice of §, we can find an € and a n such that the
expected distortion is less than D + § and we can devise a codebook Cx with
the required average distortion.

Proving that the choice of § is arbitrary, we have proved that (R, D) is
achievable if R > R(D). B

Beyond proving the existence of a rate distortion code of rate R(D) with
average distortion close to D, it is also possible to prove a stronger statement,
that the total probability that the distortion is greater than D + ¢ is close to 0

[2].

Continuous Rate Distortion Functions

So far, we have studied a discrete model of the rate distortion function. However,
in the real world, we have to deal with continuous signals and it is therefore
natural to define continuous rate-distortion functions [9].

Let’s consider a stationary memoryless continuous source X with probability
distribution p(x).

To evaluate the distortion between an input x and its output &, we define
a distortion function d(z, %); the most common distortion functions in the con-
tinuous case are:

o Absolute error: d(x,%) = |x — &;
e Squared error distortion: d(z,%) = (v — %)%

Given a distortion function and a conditional probability distribution p(Z | x),
we can compute the average distortion as:

“+oo “+oo
Dyarm = / / p(@)p(@ | 2)d(z, 2) d di

And equally we can define the mutual information as:

“+o0 “+o00 R JAJ . )
Ipsle) = A [ p(l’)p(ﬂl‘)logudmda:

So, if we fix a permissible distortion D, then the rate distortion function
R(D) is the minimum of I,,(;|, satisfying this constraint:

12



(D) p(&|2) : Dp(s)my<D p(@lz)

Similarly to the discrete case, R(D) is a monotonous decreasing function, but
whose range is now 0 < R(D) < oo; it is easy to see that if the distortion tends
to zero, D — 0, then the rate tends to infinity, R(D) — oo, as reproducing
a continuous source without distortion requires an infinite rate; on the other
hand, as the allowed distortion increases, the rate decreases till reaching 0 when
all the information of the input x is lost.

Shannon Lower Bound

We are now going to state and prove the Shannon lower bound, a lower bound
Rsrp(D) on the value of R(D), which is helpful whenever computing the rate
distortion function happens to be too difficult [2, 7, 5].

Theorem (Shannon Lower Bound) Given a source of random vari-
ables X from an input alphabet I = {1,2,...,m}, given a distortion measure
d(x, ) satisfying the property that all the columns of the distortion matrix
are permutations of the set{d,ds,...,d}, if we define a function ¢(D) =
maxpzzzil pid; <D H(p) then:

R(D) z H(X) — ¢(D)
Before proving this theorem, we will introduce the following lemma.

Lemma (Concavity of ¢(D)) The function ¢(D) is an increasing concave
function of D.

Proof (Concavity of ¢(D)) Again, recall that ¢(D) is concave if, for any
two points Dy and Do and for any A € [0, 1] then:

(AD1 + (1 = A)D2) 2 Ap(D1) + (1 = N)@(D2)

So, let’s consider two values of the distortion Dy and D5 and let p; and ps be
the value corresponding to ¢(D;) and ¢(D2). We can consider the distribution:

pr = Ap1+ (1 = A)p2

and, consequently, being the distortion a linear function of the distribution,
the function:

D(px) = AD(p1) + (1 = ) D(p2)
So, the definition of ¢(D) is:

13



D) = H
$(D) b (p)

and considering it in the case of D) we have:

D)) = max H
#(Dx) e (p)

Now, we defined the value of p that maximizes ¢(D)) to be py, so:

#(Dx) > H(pa)

The entropy H(p), too, is a function which is concave in the distribution p:

H(px) > AH(p1) + (1 — \)H(p2)

But p; and ps were defined as the values corresponding to to ¢(D;) and
¢(D2):

@(Dx) = AH(p1) + (1 = M) H(p2) = A¢(D1) + (1 — A)p(D2)
And so we proved that:

A(AD1 + (1 = X)D2) > Ap(D1) + (1 = N)op(D2) B

Proof (Shannon Lower Bound) We can now prove the Shannon lower
bound. Let’s assume D > E[d(X, X)].
Thanks to the rate distortion theorem we know that:

R(D) I(X; X)

= min
p(&lx): 32, 5 P(x)p(&|x)d(2,2) <D

Let’s consider the mutual information I(X; X ); by definition we have:

I(X;X)=H(X)-H(X | X)
Expressing explicitly the conditional entropy H (X | X ) we get:
I(X;X) = H(X) - ZP(@H(X | X=12)
Now, by the definition of ¢(D), we have:
¢(Dz)= _ max  H(p)>H(X|X=4%)

P>ty pidi<Dp

and so:

I(X;X) > H(X) =Y p(&)¢(Dz)

14



Knowing that ¢(D) is a concave function, as we proved in the previous
lemma;

I(X;X)> H(X)— ¢ (Zz@)%)

Substituting D; with its definition we get:

I(X;X) > H(X)-¢ <Zp<fc> > p(x | fc)d(x@))
I(X;X) > H(X)-¢ (Z Zp(x,a%)d(x,fc))

I(X;X) > H(X)-¢(D)
In this way we have proved the Shannon lower bound on the rate distortion:

R(D) = H(X)—¢(D) B

In the discrete case, it is also possible to prove that, if the source has a
uniform distribution and the rows of the distortion matrix are permutations
of each other, strict equality holds in Shannon lower bound, that is R(D) =
H(X) - ¢(D) [2].
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